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Abstract
A different approach has been used to evaluate the momentum imparted by
the gravitational waves with spherical wavefronts. It is shown that the results
obtained for momentum coincide with those already available in the literature.
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General Relativity (GR) predicts the existence of gravitational waves as solutions of
Einstein’s field equations [1]. Since these waves, by definition, have zero stress-energy tensor,
a natural question arises: How can these solutions of field equations represent waves if they
carry no energy? Essentially this problem arises because energy is not well defined in GR.
For energy to be well defined the metric must have a time like isometry so as to allow time
translational invariance. This will not generally be true. Infact, spacetimes for which it
is true are static whereas gravitational wave solutions must be non-static. Thus energy is
not well defined for spacetimes containing gravitational waves. The problem was resolved
by Ehlers and Kundt [2], Pirani [3] and Weber and Wheeler [4] by considering a sphere
of test particles in the path of the waves. They showed that these particles acquired a
constant momentum from the waves. However, the procedure [5] to evaluate momentum is
quite complicated. An operational procedure called the extended pseudo-Newtonian (eψN)
formalism [6] embodying the same principle has been used to express the consequences of
relativity in terms of the Newtonian concept of gravitational force. We have provided a
closed form expression for the momentum imparted to test particles in arbitrary spacetimes
[7,8]. By using this procedure for the plane and cylindrically gravitational waves [7], we have
already obtained physically reasonable results coinciding with the earlier available results in
the literature. In this paper we apply the same procedure to evaluate momentum imparted
by gravitational waves with spherical wavefronts. We find that the momentum expression
for such waves evaluated by this procedure coincides with that already evaluated by using
Mo¨ller’s prescription [9]. We shall not discuss the eψN formalism in any detail as it is
available elsewhere [6-8] rather we shall suffice to give its essential points.
The relativistic analogue of the Newtonian gravitational force called the ψN gravita-
tional force, is defined as the quantity whose directional derivative along the accelerometer,
placed along the principal direction, gives the extremised tidal force and which is zero in the
Minkowski space. The eψN force, Fµ, is given as
F0 = m
[
{ln(A/√g00)},0 − gij,0gij,0/4A
]
, Fi = m(ln
√
g00),i, (i, j = 1, 2, 3), (1)
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where A = (ln
√−g)
,0
, g = det(g
ij
). This force formula depends on the choice of frame,
which is not uniquely fixed.
The quantity whose proper time derivative is Fµ called the momentum four-vector for
the test particle. Thus the momentum four-vector, pµ, is
pµ =
∫
Fµdt, (µ = 0, 1, 2, 3). (2)
The spatial components of this vector give the momentum imparted to test particles as
defined in the preferred frame (in which g
0i
= 0).
The gravitational waves with spherical wavefronts are given by the line element of the
form [10]
ds2 = e−M(dt2 − dρ2)− e−U(eV dz2 + e−V dφ2), (3)
where the metric functions U, V and M depend on the coordinates t and ρ only. Einstein’s
vacuum field equations imply that e−U satisfies the wave equation
(e−U)tt − (e−U)ρρ = 0, (4)
and that V satisfies the linear equation
Vtt − UtVt − Vρρ + UρVρ = 0. (5)
The remaining equations for M are
Utt − Uρρ = 1
2
(U2t + U
2
ρ + V
2
t + V
2
ρ )− UtMt − UρMρ = 0, (6)
2Utρ = UtUρ − UtMρ − UρMt + VtVρ. (7)
It is well known that, if Eqs.(4) and (5) are satisfied, the Eqs.(6) and (7) are automatically
integrable.
Using Eqs.(1) and (3), it follows that the eψN force turns out to be
F0 = m[U˙ +
M¨ + 2U¨
M˙ + 2U˙
− 3U˙
2 + V˙ 2
M˙ + 2U˙
], F1 = −mM
′
2
, F2 = 0 = F3. (8)
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The corresponding four-vector momentum will become
p0 = m[U + ln(M˙ + 2U˙)−
∫ 3U˙2 + V˙ 2
M˙ + 2U˙
dt] + f1(ρ), (9)
p1 = −m
2
∫
M ′dt+ f2(ρ), p2 = constant = p3. (10)
where dot denotes differentiation with respect to time and prime with respect to ρ, f1
and f2 are arbitrary functions of ρ. Eqs.(9) and (10) provide the general expression of
the momentum four-vector for the gravitational waves with spherical wavefronts. As we are
interested in evaluating the momentum imparted by gravitational waves we need to calculate
the term p1. For this purpose, we require the value of M .
The background region (t < ρ, Minkowski) is described by the solution
U = − ln t − ln ρ, V = ln t − ln ρ and M = 0. Substituting these values in Eqs.(9) and
(10), we have
p0 = m ln(−2/ρ) + f1(ρ), pi = constant. (11)
The quantity p0 can be made zero by choosing f1(ρ) = −m ln(−2/ρ) and the momentum
term pi will be zero for a particular choice of an arbitrary constant as zero. Thus the
four-vector momentum vanishes in the background region (Minkowski) as was expected.
The solution on the wavefront (t = ρ) can be written in the form
U = −2 ln t, V = 0, M = 0. Using these values in Eqs.(9) and (10), it follows that
p0 = m ln(−4) + f1(ρ), pi = constant. (12)
We see that the momentum turns out to be constant which can be made zero if we choose
constant as zero.
The solution in the wave region (t > ρ) can be found by solving Eqs.( 4) and (5) and is
given in the form [10,11]
U = − ln t− ln ρ, V = ln t− ln ρ+ V˜ (t, ρ). (13)
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With this, the remaining equations for M become, for t > ρ
Mt +Mρ = (
t− ρ
t+ ρ
)(V˜t + V˜ρ)− tρ
2(t+ ρ)
(V˜t + V˜ρ)
2, (14)
Mt −Mρ = ( t+ ρ
t− ρ)(V˜t − V˜ρ) +
tρ
2(t− ρ)(V˜t − V˜ρ)
2.
We now make observation that the characteristic boundary condition (13) can be satisfied
by the infinite set of particular solutions of self-similar type
V˜ (t, ρ) = (tρ)kHk(
t2 + ρ2
2tρ
), (15)
where k is an arbitrary real or complex number, and the functions Hk(
t2+ρ2
2tρ
) satisfy some
ordinary linear equation which can be reduced to a hypergeometric equation and the condi-
tion Hk(1) = 0. This form of solution has been used in [12,13] in a different context. As an
explicit example we may consider the case of a single component
V˜ (t, ρ) = ak(tρ)
kHk(
t2 + ρ2
2tρ
) (16)
for some k ≥ 1
2
and constant ak. In this case, M is given by
M =
1
2k
ak(t
2 − ρ2)(tρ)k−1Hk−1 − 1
2k
(tρ)2ka2k[k
2H2k −
(t2 − ρ2)2
4t2ρ2
H2k−1]. (17)
Notice that the dimension of ak is L
−2k. If we use this value of M after taking its derivative
in Eq.(10), it may not be possible to perform its integration. For the purpose of simplicity,
we take a special case when k = 1 for which M takes the form
M =
1
2
a1(t
2 − ρ2)H0 − 1
2
(tρ)2a21[H
2
1 −
(t2 − ρ2)2
4t2ρ2
H20 ], (18)
where H0 = ln(t/ρ), H1 =
1
2
[(t/ρ + ρ/t) ln(t/ρ) − (t/ρ − ρ/t)]. After taking derivative of
M with respect to ρ, we substitute it in Eq.(10) and after a tedious integration, we obtain
p1 = m
a1
4
[
2
3
(t3/ρ)− 6tρ+ 4tρ ln(t/ρ) + a1{1
5
(t5/ρ) +
2
27
t3ρ+ 5tρ3 (19)
−4(5
9
t3ρ+ tρ3) ln(t/ρ) +
4
3
t3ρ(ln(t/ρ))2}] + f2(ρ).
This gives the momentum imparted to test particles by gravitational waves with spherical
wavefronts. The quantity p1 can be made zero for the t → 0 limit by choosing f2 = 0.
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However, it immediately indicates the presence of singularity when ρ = 0 and this singularity
at ρ = 0 acts as a source of the gravitational waves inside the wave region. This coincides
with the result evaluated by using Mo¨ller’s prescription [9]. This is a physically reasonable
expression for the momentum imparted by gravitational waves. The interpretation of p0 in
the eψN formalism is given elsewhere [14]. It can also be shown that, near the wavefront as
t→ ρ
V˜ ∼ ak(t+ ρ)−1(t− ρ)1+2k, M ∼ (1 + 2k
2k
)ak(t− ρ)2k. (20)
Using Eqs.(10) and (20), it follows that
p1 =
1
4k
m(1 + 2k)ak(t− ρ)2k + f2(ρ). (21)
This gives the momentum near the spherical wavefront. We see that for a particular choice
of f2, it reduces to the momentum expression given by Eq.(12) on the wavefront. We remark
that our results exactly coincide with those evaluated by using Mo¨ller’s prescription for the
background region and on the wavefront. For the wave region, these two can be equated for
a particular choice of an arbitrary function f2. We have seen that in all the three cases we
obtain a physically reasonable expression for the momentum.
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